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Abstract The existence of a fundamental time (or funda-
mental length) has been conjectured in many contexts. How-
ever, the “stability of physical theories principle” seems to
be the one that provides, through the tools of algebraic de-
formation theory, an unambiguous derivation of the stable
structures that Nature might have chosen for its algebraic
framework. It is well-known that c and � are the defor-
mation parameters that stabilize the Galilean and the Pois-
son algebra. When the stability principle is applied to the
Poincaré–Heisenberg algebra, two deformation parameters
emerge which define two time (or length) scales. In addition
there are, for each of them, a plus or minus sign possibility
in the relevant commutators. One of the deformation length
scales, related to non-commutativity of momenta, is prob-
ably related to the Planck length scale but the other might
be much larger and already detectable in laboratory exper-
iments. In this paper, this is used as a working hypothesis
to look for physical effects that might settle this question.
Phase-space modifications, resonances, interference, elec-
tron spin resonance and non-commutative QED are consid-
ered.

1 Introduction

The idea of modifying the algebra of the space-time com-
ponents xμ in such a way that they become non-commuting
operators has appeared many times in the physical litera-
ture ([1–21], etc.). The aim of most of these proposals was
to endow space-time with a discrete structure, to be able,
for example, to construct quantum fields free of ultravio-
let divergences. Sometimes a non-zero commutator is sim-
ply postulated, in some other instances the motivation is the
formulation of field theory in curved spaces. String theories
[22, 23] and quantum relativity [24, 25] have also provided
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hints concerning the non-commutativity of space-time at a
fundamental level.

A somewhat different point of view has been proposed
in [26, 27]. There the space-time non-commutative struc-
ture is arrived at through the application of the stability of
physical theories principle (SPT). The rationale behind this
principle is the fact that the parameters entering in physi-
cal theories are never known with absolute precision. There-
fore, robust physical laws with a wide range of validity can
only be those that do not change in a qualitative manner un-
der a small change of parameters, that is, stable (or rigid)
theories. The stable-model point of view originated in the
field of non-linear dynamics, where it led to the notion of
structural stability [28–30]. Later on, Flato [31] and Fad-
deev [32] have shown that the same pattern occurs in the
fundamental theories of Nature, namely the transition from
non-relativistic to relativistic and from classical to quantum
mechanics, may be interpreted as the replacement of two un-
stable theories by two stable ones. The stabilizing deforma-
tions lead, in the first case, from the Galilean to the Lorentz
algebra and, in the second one, from the algebra of com-
mutative phase space to the Moyal–Vey algebra (or equiva-
lently to the Heisenberg algebra). The deformation param-
eters are 1

c
(the inverse of the speed of light) and h (the

Planck constant). Except for the isolated zero value, the de-
formed algebras are all equivalent for non-zero values of 1

c

and h. Hence, relativistic mechanics and quantum mechan-
ics might have been derived from the conditions for stability
of two mathematical structures, although the exact values
of the deformation parameters cannot be fixed by purely al-
gebraic considerations. Instead, the deformation parameters
are fundamental constants to be obtained from experiment
and, in this sense, not only is deformation theory the the-
ory of stable theories, it is also the theory that identifies the
fundamental constants.

The SPT principle is related to the idea that physical the-
ories drift towards simple algebras [33–35], because all sim-
ple algebras are stable, although not all stable algebras are
simple.
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When the SPT principle is applied to the algebra of rela-
tivistic quantum mechanics (the Poincaré–Heisenberg alge-
bra)

[Mμν,Mρσ ] = i(Mμσ ηνρ + Mνρημσ − Mνσ ημρ

− Mμρηνσ )

[Mμν,pλ] = i(pμηνλ − pνημλ)

[Mμν,xλ] = i(xμηνλ − xνημλ)

[pμ,pν] = 0

[xμ, xν] = 0

[pμ,xν] = iημν1

(1)

ημν = (1,−1,−1,−1), c = � = 1, it leads [26] to

[Mμν,Mρσ ] = i(Mμσ ηνρ + Mνρημσ − Mνσ ημρ

− Mμρηνσ )

[Mμν,pλ] = i(pμηνλ − pνημλ)

[Mμν,xλ] = i(xμηνλ − xνημλ)

[pμ,pν] = −i
ε′

R2
Mμν

[xμ, xν] = −iε�2Mμν

[pμ,xν] = iημν�

[pμ,�] = −i
ε′

R2
xμ

[xμ,�] = iε�2pμ

[Mμν,�] = 0

(2)

The stabilization of the Poincaré–Heisenberg algebra has
been further studied and extended in [36–38]. The essential
message from (2) or from the slightly more general form ob-
tained in [36] is that from the unstable Poincaré–Heisenberg
algebra {Mμν,pμ,xν} one obtains a stable algebra with two
deformation parameters � and 1

R
. In addition there are two

undetermined signs ε and ε′ and the central element of the
Heisenberg algebra becomes a non-trivial operator �. The
existence of two continuous deformation parameters when
the algebra is stabilized is a novel feature of the deforma-
tion point of view, which does not appear in other non-
commutative space-time approaches. These deformation pa-
rameters may define two different length scales. Of course,
once one of them is identified as a fundamental constant, the
other will be a pure number.

Being associated to the non-commutativity of the gen-
erators of space-time translations, the parameter 1

R
may be

associated to space-time curvature and therefore might not
be relevant for considerations related to the tangent space. It
is, of course, very relevant for quantum gravity studies [38].
Already in the past, some authors [32], have associated the

non-commutativity of translations to gravitational effects,
the gravitation constant being the deformation parameter.
Presumably then 1

R
might be associated to the Planck length

scale. However, �, the other deformation parameter, defines
a completely independent length scale which might be much
closer to laboratory phenomena. This will be the working
hypothesis to be explored in this paper. Therefore when 1

R

is assumed to be very small the deformed algebra may be
approximated by

[Mμν,Mρσ ] = i(Mμσ ηνρ + Mνρημσ − Mνσ ημρ

− Mμρηνσ )

[Mμν,pλ] = i(pμηνλ − pνημλ)

[Mμν,xλ] = i(xμηνλ − xνημλ)

[pμ,pν] = 0

[xμ, xν] = −iε�2Mμν

[pμ,xν] = iημν�
[pμ,�] = 0

[xμ,�] = iε�2pμ

[Mμν,�] = 0

(3)

For future reference this algebra will be denoted R�,∞. No-
tice that in relation to the more general deformation ob-
tained in [36], we are also considering α3 = 0 (or β = 0
in [38]). The nature of the sign ε has physical consequences.
If ε = +1 time will have a discrete spectrum, whereas if
ε = −1 it is when one the space coordinates is diagonalized
that discrete spectrum is obtained. In this sense if ε = +1,
� might be called “the fundamental time” and “the funda-
mental length” if ε = −1. In this paper one discusses conse-
quences of both signs.

Notice that the non-commutativity of the space-time co-
ordinates already implies that many notions currently used
in the analysis of laboratory experiments become ill-defined.
For example, because the space and the time coordinates
cannot be simultaneously diagonalized, speed can only be
defined in terms of expectation values,

vi
ψ = 1

〈ψt,ψt 〉
d

dt

〈
ψt, x

iψt

〉

ψ being a state with a small dispersion of momentum around
a central value p. This would imply a deviation from c(= 1)

of the “effective speed” of massless particles of order [39]

�vψ = −3ε�2(p0)2

The deviation would be negative for ε = +1 (� a fundamen-
tal time) or positive for ε = −1 (� a fundamental length).
General (non-commutative) geometry properties of the alge-
bra (3) have been studied before [27] as well as some other
consequences [40–44]. Here the emphasis will be on ef-
fects which might be detectable at the laboratory level, if the
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working hypothesis that � defines a much larger scale than
Planck’s is true. In addition, some of the non-commutativity
and time-discreteness effects that have been proposed in the
past will be discussed, in particular to find out whether they
are or not relevant as a test of the algebra (3).

In the recent past, most papers dealing with space-time
non-commutativity start from the hypothesis

[xμ, xν] = iθμν (4)

θμν being a c-number antisymmetric tensor (for a review
see [45]). Then, calculations are carried out by replacing the
usual product of functions in space-time by the ∗-product

(f ∗ g)(x) = f (x)ei
←−
∂μ θμν

−→
∂ν

g(x) (5)

A similar ∗-product formulation may be implemented for
the algebra (2) by replacing in (5) θμν by the operator Mμν

and, to have a full ∗-product formulation, using the Moyal
product for products of functions of coordinates and mo-
menta. However, the situation is quite different from the
one implied by (4) because Mμν is an operator, not a con-
stant tensor deformation parameter. Hence it does not lead to
Lorentz violation, the deformed algebras (2)–(3) being con-
sistent with preservation of Lorentz invariance. Therefore
some of the tests proposed for (4) are not relevant for (3). In
addition the deformed algebras introduce a new non-trivial
operator � which replaces the central element of the Heisen-
berg algebra. In particular this operator corresponds to an
additional component in the most general connections com-
patible with (3) [27].

When the right-hand side of (4) is a c-number θμν , with
dimensions of length-squared, it may be roughly interpreted
as the smallest patch of area in the μν-plane that one may
consider to be observable, like � in [xi,pj ] = i�δij may be
interpreted as the smallest patch in phase space. However,
here the right-hand side of the commutators is an operator
and the interpretation is subtler.

The present paper is concerned with the discussion of ef-
fects which might lead to actual experimental tests if � is
not too small. It must be pointed out that some of these ef-
fects, as it will be referred to in the appropriate places, may
have already been suggested by other authors. Nevertheless
in most cases they are suggested in the framework of a sim-
ple time or space discreteness hypothesis, without the bene-
fit of a full space-time algebra. For that reason some of the
conclusions are different or more detailed.

Phase-space modifications, resonances, interference,
electron spin resonance and non-commutative QED are con-
sidered. Finally, in the appendix, some explicit representa-
tions of the space-time algebra are collected, which are use-
ful for the calculations.

2 Phase-space effects

2.1 Cross sections and particle multiplicity

If ε = +1 there is a phase-space contraction effect at high
energies. This was discussed in [42], being pointed out
that it might relevant for the calculation of the GZK radius
[46, 47]. From the calculations in [42], the conclusion was
that, whereas the value of the GZK cutoff would not be much
changed, the radius of the GZK sphere would increase, al-
lowing for more nucleons from farther distances to reach
earth at energies above 5 × 109 eV. For this effect to be
detectable the fundamental time should not be smaller than
10−26 seconds.

Here, further consequences of the phase-space modifica-
tion are studied. Both signs ε = +1 and ε = −1 are consid-
ered. In particular, if the conjecture that the scale � is much
larger than the Planck scale is true, such effects might al-
ready be observed at the energy of the existing colliders.

The modification of the density of states [42] is obtained
by computing how many available states a particle of mo-
mentum p has, for example, in a scattering experiment.
Once the direction of p is fixed, the problem becomes a
1-dimensional problem, which may be dealt with by a sub-
algebra {x1,p1,�} of (3). Let ε = +1 and define hyperbolic
coordinates in the plane (p1,�)

p1 = r

�
sinhμ

� = r coshμ
(6)

Then

∂

∂μ
= 1

�
� ∂

∂p1
+ �p1 ∂

∂�
and comparing with the representation (81) one obtains

x1 = i�
∂

∂μ
(7)

or, equivalently

x1 = x

p1 = r

�
sinh

(
�

i

∂

∂x

)

� = r cosh

(
�

i

∂

∂x

)
(8)

For r = 1 and � → 0, the classical result is obtained. Here-
after let us consider r = 1. In the x-basis the eigenvectors p

of the momentum p1 are eiknx which, with vanishing bound-
ary conditions on a box, has eigenvalues

pn = 1

�
sinh

(
π

L
n�

)
(9)
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corresponding to kn = πn
L

. Therefore the number of states
with momenta smaller than p is

G1D+ (p) = L

π

1

�
sinh−1(�p) (10)

and the density of states is

g1D+ (p) = dG1D+
dp

= L

π

1
√

1 + �2p2
(11)

For three dimensions, considering the number of indepen-
dent states with absolute momentum less than |p|

G3D+
(|p|) = V

6π2

1

�3

(
sinh−1(�|p|))3 (12)

leads to a density of states

g3D+
(|p|) = V

2π2

1

�2

(sinh−1(�|p|))2
√

1 + �2|p|2 (13)

For ε = −1 the appropriate coordinates in the plane
(p1,�) are p1 = r

�
sin θ , � = r cos θ , x1 = i� ∂

∂θ
and

one would obtain the opposite effect, namely the factor
1/

√
1 − �2p2). Therefore

g1D− (p) = L

π

1
√

1 − �2p2
(14)

g3D−
(|p|) = V

2π2

1

�2

(sin−1(�|p|))2
√

1 − �2|p|2 (15)

The conclusion is that for ε = +1 there is a contraction
of phase space increasing with energy and an expansion for
ε = −1, the cross sections being corrected by the new den-
sity of states (13) and (15). For ε = +1 the suppression ef-
fect of the phase-space contraction on high energy reactions
may be estimated by comparing the integral

IN(�)

=
∫

· · ·
∫ ω

0

(sinh−1(�p1))
2 dp1

�2
√

1 + �2p2
1

· · · (sinh−1(�pN))2 dpN

�2
√

1 + �2p2
N

× max

(

ω −
N∑

i=1

pi,0

)

with IN(0). This estimates the suppression effect on an
high energy final state integral for total energy ω neglect-
ing masses. Changing variables one obtains

IN(�)

= ω3
∫ 1

0

(sinh−1(βx1))
2 dx1

β2
√

1 + β2x2
1

· · · (sinh−1(βxN))2 dxN

β2
√

1 + β2x2
N

× max

(

1 −
N∑

i=1

xi,0

)

with β = ω�. Figure 1 is a plot of the suppression func-
tion S(β) = IN (�)

IN (0)
for N = 2,3,4. One sees that the sup-

pression effect decreases when the number of final particles
increases. The phase-space suppression effect implies that if
cross-section values found at low energies are used to pre-
dict the final states at higher energies, an increase in particle
multiplicity will be found above the expected one.

For ε = −1 the effect would be the opposite one, that
is, a smaller multiplicity. One also sees that these effects
will only become noticeable for β ∼ O(1). For example, an
observation of the effects starting at around ω = 600 GeV
would imply � � O(10−27s) or � � O(3 × 10−17 cm).

In (14) and (15) the argument of the square root would be
negative for p > 1/� leading to unphysical results. However,
notice that the representation p = r

�
sin θ means that, in the

ε = −1 case, the existence of a fundamental length � implies
an upper bound r/� for the momentum variable p. Choosing
r = 1 the upper bound becomes 1/� and the argument of the
square root can never become negative.

2.2 The degeneracy pressure

That the phase-space volume modifications at high energies
(contraction for ε = +1, dilatation for ε = −1) would also
lead to statistical mechanics predictions was briefly men-
tioned in [41]. This might, in particular, have some conse-
quences for models of dense star matter. Here I will analyze
the modifications implied by the deformed algebra on the
degeneracy pressure of a Fermi gas. Both the non-relativistic
and the relativistic case will be analyzed. For a gas of non-
relativistic particles the kinetic energy E is

E = p2

2m

For ε = +1, changing variables in (12) the density of states
becomes

g3D+ (E) = V

4π2

1

�2

(
sinh−1(�

√
2mE)

)2
√

2m√
E

√
1 + 2�2mE

From

N =
∫ EF

0
(2s + 1)g3D+ (E)dE

at T = 0, one obtains

EF = 1

2m�2
sinh

(
6π2�3N

(2s + 1)V

)2/3
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Fig. 1 Phase-space suppression
function (ε = +1) for 2, 3 and
four final particles

In leading �2 order the energy and the pressure are

U(0) =
∫ EF

0
(2s + 1)Eg3D+ (E)dE

� (2s + 1)
V

4π2
(2m)3/2

{
2

5
E

5/2
F − 10

7
m�2E

7/2
F

}

P = −
(

∂U(0)

∂V

)

N,S

� (2s + 1)

4π2
(2m)3/2

{
4

15
E

5/2
F − 4

7
m�2E

7/2
F

}

leading to

P � 2

3

U(0)

V
+ 15

14

(
20π2m

2s + 1

)2/5

�2
(

U(0)

V

)7/5

In the relativistic case, which is the one that is relevant,
for example, for neutron star matter, the total energy density
per unit volume is

ρ =
∫ pF

0

(
p2 + m2)1/2 1

V
g3D+ (p)dp

and the pressure

P = 1

3

∫ pF

0

p2

(p2 + m2)1/2

1

V
g3D+ (p)dp

with pF = 1
�

sinh( 6π2�3N
(2s+1)V

)1/3. Writing ρ and P with the

adimensional variables m� and N

V m3 = n

m3

ρ�

(
�m,

n

m3

)
= (2s + 1)m4

2π2

×
∫ pF /m

0

dx

(�m)2

(
sinh−1(�mx)

)2

×
√

1 + x2
√

1 + �2m2x2

P�

(
�m,

n

m3

)
= (2s + 1)m4

6π2

×
∫ pF /m

0

dx

(�m)2

(
sinh−1(�mx)

)2

× x2
√

(1 + x2)(1 + �2m2x2)

In Fig. 2 the ratios ρ�/ρ0 and P�/P0 are plotted for
two �m values. One sees that the phase-space suppression
(ε = +1) implies a larger degeneracy pressure and a smaller
total energy density for the same n = N

V
. However, (in con-

trast with the effects that might be seen at high energy col-
liders, as discussed above) and for reasonable star matter
densities the effect is probably too small to be observed.
For example, with m the neutron mass, a matter density of
4 × 1014 g/cm3 and � = 10−26 s one has �m = 1.35 × 10−2

but only n

m3 = 2.16 × 10−3. One sees from Fig. 2 that for
these values the effect is extremely small.
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Fig. 2 Ratios ρ�/ρ0 and P�/P0
for two �m values

The corresponding results for the case ε = −1 are ob-
tained by replacing (1 + �2m2x2) by (1 − �2m2x2) and
sinh−1 by sin−1 in the equations above.

3 Time quantization and resonances

Some years ago Ehrlich [49], finding a regularity in the reso-
nance widths known at the time, conjectured that the widths
might be quantized in multiples of some fundamental time
unit. Later, the same author [50] using more recent data,
pointed out that the quantization hypothesis of the resonance
widths did not agree as well as before. Nevertheless, the
conjecture has its merit and deserves to be checked within
the present framework. If the time quantization has a direct
bearing on resonance widths it should already be apparent in
simple potential models. Consider the simple 1-dimensional
potential displayed in Fig. 3.

Let the wave functions in regions 1 and 2 be

Ψ (1) = A sin(kx)

Ψ (2) = e−ik(2)x + Beik(2)x
(16)

Quantized time would correspond to ε = +1, therefore, us-
ing the representation (8),

x = x

p = −i
r

�
sin

(
�

d

dx

)

� = r cos

(
�

d

dx

)
(17)

Fig. 3 A simple 1-dimensional potential

the momentum p associated to a wave number k is

p = r

�
sinh(k�) (18)

Using the matching conditions at x = L one obtains

A = 2e−ik(2)L

sin(kL) + ik

k(2) cos(kL)
(19)

and

B = e−i2k(2)L

{
2 sin(kL)

sin(kL) + ik

k(2) cos(kL)
− 1

}
(20)

with k(2) obtained from k by the matching of the energy in
regions 1 and 2. For a non-relativistic approximation and
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r = 1 it is

cosh
(
2k(2)�

) = cosh(2k�) − 4mu�2 (21)

and in the relativistic case

cosh
(
2k(2)�

) = 1 + (√
cosh(2k�) − 1 + 2m2

0�
2 − √

2�u
)2

− 2m2
0�

2 (22)

The resonances are associated to the complex zeros of
sin(kL) + ik

k(2) cos(kL), that is using (21), to the zeros of the
function

F(k) = cosh(2k�) − 4mu�2 − cos

(
2k�

tan(kL)

)

In Fig. 4 the location of the zeros of F(k) are plotted for
m = u = L = 1, � = 0.01 and � = 0.5.

One sees no evidence for the width of the resonances be-
ing quantized in multiples of �. Rather, the widths and sep-
aration of the resonances is related to the geometry of the
problem. However, what one notices is that as � approaches
the scale of the problem, the resonances become extremely
wide being, in practice, undetectable in the scattering ampli-
tudes. This is illustrated in Fig. 5 where the amplitude of A

is plotted.
Therefore the only effect to be expected is that as soon as

one deals with phenomena close to the scale of � only few or
no resonances will be observed. Hadronic resonances being
of order 10−24 s, this establishes an upper limit � � 10−25 s.

4 Phases and interference

In the algebra (3) a complete momentum-space descrip-
tion is possible with the variables (t,p0,p1,p2,p3,�) in
the commuting basis (t,p1,p2,p3) with the representation
(ε = +1)

x0 = t

p0 = i

�
r sinh

(
�

d

dt

)

� = r cosh

(
�

d

dt

)
(23)

Because of the non-commutativity of time with the space
coordinates, the simpler approach is to consider in each case
the eigenvalues of the Hamiltonian and then to obtain the
time evolution of each eigenstate.

From the equation

p0ψ = Hψ (24)

one obtains, in first approximation,1 the time evolution of an
eigenstate by

p0ψE = EψE (25)

i

�
r sinh

(
�

d

dt

)
ψE

= i

2�
r
(
ψE(t + �) − ψE(t − �)

) = EψE (26)

that is, the (momentum-space) Schrödinger-like equation
becomes a finite-difference equation, as has been conjec-
tured by several authors [48]. Here, however, it is a direct
consequence of the algebra (3). For the case ε = −1 the cor-
responding equation would be

1

2�
r
(
ψE(t + i�) − ψE(t − i�)

) = EψE (27)

The solution of (26) is

ψE(t) = exp

{
− it

�
sin−1

(
�E

r

)}
ψE(0) (28)

The inverse trigonometric nature of exponentials of this
type, have been interpreted by some authors as meaning
that in the quantized time case there is an upper bound
1
�

for the energy. This is an unwarranted conclusion be-
cause the most general representation of the subalgebra
{p0, x0,�} allows for the arbitrary factor r . Therefore the
maximum energy (of stationary states) would be r

�
and

not 1
�
. Notice that as soon as one considers also the space

coordinates, r is a variable needed for the consistency of
the representation with the commutation relations (3) (see
the appendix). In any case, the fact that there would not
be any stationary eigenstates (|ψE(t)| = |ψE(0)|,∀t) for
E > r

�
does not mean that the spectrum of p0 has an upper

bound.
Consider now the interference pattern of two eigenstates

∣∣ψE1(t) + ψE2(t)
∣∣2

= ∣∣ψE1(t)
∣∣2 + ∣∣ψE2(t)

∣∣2

+ 2ψE1(0)ψE2(0) cos

{
t

�

[
sin−1

(
�E1

r

)

− sin−1
(

�E2

r

)]}
(29)

1As found in [39], the time shift generator has corrections of order �2.
Therefore this Schrödinger-like equation is only an approximation.
However, because in this section one only wants to explore the effects
of the replacement of derivatives by finite-differences, this approxima-
tion will suffice.
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Fig. 4 The complex zeros of
the function F(k)

Fig. 5 The amplitude |A| for
� = 0.01 and 0.5

For a small enough difference � between two large ener-

gies, the oscillation frequency ω of the interference would

be largely affected by the non-commutative structure. Let

E1

r
= ξ + �

E2

r
= ξ

Then, the oscillating frequency in (29) is

ω = 1

�

[
sin−1(�(ξ + �)

) − sin−1(�ξ)
]

� � + �2

6

(
3ξ2� + 3ξ�2 + �3)

which for small � leads to a correction �(1 + 1
2�2ξ2).

As in phase-space suppression (or dilation) and parti-
cle multiplicity effects (Sect. 2), observation of this correc-
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tion depends on the product �ξ . For instance �ξ ∼ O(1) for
� ∼ 10−27 s and ξ ∼ 300 GeV.

5 Electron spin resonance

Consider an (unpaired) electron interacting with a magnetic
field, for which one considers only its spin degree of free-
dom. In the basis where χ+(t) and χ−(t) are the up and
down spin states the Hamiltonian is

H = g

2
μB

(
Bz Bx − iBy

Bx + iBy −Bz

)
(30)

Let Bz = B0 be fixed and Bx,By time-dependent. The time
dependence for a massless field φ is obtained from

((
p0)2 − |p|2)φ = 0 (31)

Use the commuting basis (t,p1,p2,p3) and assume φ to be
an eigenstate of momentum

|p|2φ = k2φ

Then from (82) and (83) it follows that Eq. (31) becomes

−γ 2

�2
sinh2

(
�

∂

∂t

)
φ+ = k2φ+ (32)

for ε = +1 and

−γ 2

�2
sin2

(
�

∂

∂t

)
φ− = k2φ− (33)

for ε = −1, with solutions (setting γ = 1 which is simply a
momentum unit)

φ+(t) = φ+(0) exp

(
± it

�
sin−1(�k)

)
(34)

φ−(t) = φ−(0) exp

(
± it

�
sinh−1(�k)

)
(35)

the main modification of the non-commutative structure be-
ing that k is no longer the frequency of the massless matter
wave,

ω+ = 1

�
sin−1(�k)

ω− = 1

�
sinh−1(�k)

Consider now a field

Bx = b cos(ωt); By = b sin(ωt); Bz = B0 (36)

Defining

ω1 = g

2
μBb; ω0 = g

2
μBB0 (37)

from

p0χ(t) = Hχ(t) (38)

one obtains (ε = +1)

i

2�

{
χ+(t + �) − χ+(t − �)

} = ω0χ+(t) + ω1e
−iω+tχ−(t)

i

2�

{
χ−(t + �) − χ−(t − �)

} = −ω0χ−(t) + ω1e
iω+tχ+(t)

(39)

Replacing χ−(t), taken from the first equation, on the sec-
ond one obtains with

χ+(t) = χ+(0) exp(iλt) (40)

the characteristic equation

1

2�2

{
cos

(
�(ω + 2λ)

) − cos(�ω)
}

= ω0

�

{
sin

(
�(ω + λ)

) − sin(�λ)
} − ω2

0 − ω2
1 (41)

which for � = 0 reduces to

λ2 + ω+λ + ω0ω+ − ω2
0 − ω2

1 = 0 (42)

with solution

λ
(0)
± = −ω+

2
±

√

ω2
1 +

(
ω0 − ω+

2

)
(43)

To obtain the leading �2 corrections to this result one finds
from (41)

dλ

d�

∣∣∣∣
�=0

= 0; dλ

d�2

∣∣∣∣
�=0

= ω0((ω+ + λ)3 − λ3)

6(ω+ + 2λ)
(44)

Therefore, in order �2

λ
(1)
± = λ

(0)
± + �2 ω0((ω+ + λ

(0)
± )3 − λ

(0)3
± )

6(ω+ + 2λ
(0)
± )

(45)

Let the initial conditions at t = 0 be

χ(0) =
(

0
1

)

Then from

χ+(t) = Aeiλ+t + Beiλ−t (46)

B = −A and

χ−(0) = − A

�ω1

{
sin(�λ+) − sin(�λ−)

} = 1 (47)
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Fig. 6 Absorption spectrum for
several �ω0 values

leading to

|A| = ω1
1
�
{sin(�λ+) − sin(�λ−)} (48)

If the energy of the electromagnetic field at frequency ω+
is dissipated by relaxation processes the absorbed energy
would be proportional to |A|2. Figure 6 illustrates, for sev-
eral �ω0 values, the kind of deviations in the absorption
spectrum that would be observed. Similar results are ob-
tained for the ε = −1 case.

6 Non-commutative QED

The general construction of gauge fields as Lie algebra-
valued connections on the deformed algebra (3) was sketched
in Ref. [27]. Here, I will review those results and construct
the electromagnetic field in the operator context. Then an
operator symbol (star-product) formulation will be devel-
oped which is useful for practical calculations.

6.1 Non-commutative space-time
and the electromagnetic field

To deal with gauge theories in a non-commutative context,
it essential to use the tools of non-commutative geome-
try where one starts from a non-commutative C∗-algebra
and uses the same correspondence as in the commutative
case to characterize the geometric properties of the non-
commutative space. In particular, a differential algebra may
be defined either by duality from the derivations of the al-
gebra, when a sufficient number of derivations is available,

or directly from the triple (H,π(C∗),D), where π(C∗) is a
representation of the C∗ algebra in the Hilbert space H and
D is the Dirac operator. In the latter case the commutator
with the Dirac operator is used to obtain the one-forms. The
algebra R�,∞ has enough derivations to allow for a direct
construction of the differential algebra [27].

The derivations of the algebra R�,∞ (3) are the inner
derivations plus a dilation D ([D,Pμ] = Pμ; [D,�] = �;
[D,Mμν] = [D, xμ] = 0).

Der{��,∞} = {Xμ,Mμν,Pμ,�, D} (49)

Because in the construction of the differential algebra,
the derivations corresponding to 1

i
Pμ and 1

i�
� play a

special role, they are denoted by the symbols ∂μ and
∂4 to emphasize their role as elements of Der{��,∞}
rather than elements of the enveloping algebra2 U� =
{Xμ,Mμν,Pμ,�,�−1,1} of ��,∞. The action on the gener-
ators is

∂μ(Xν) = ημν�
∂4(Xμ) = �Pμ

∂σ (Mμν) = ησμPν − ησνPμ

∂μ(Pν) = ∂μ(�) = ∂μ(1) = 0

∂4(Mμν) = ∂4(Pμ) = ∂4(�) = ∂4(1) = 0

(50)

2For the generation of the enveloping algebra one adds the operators
{�−1,1} and their powers. Because � is a small deformation of 1, �−1

is well defined. The commutation relations with �−n are easily ob-
tained from the vanishing of all commutators with ��−1. For example
[Xμ,�−1] = −i�2Pμ�−2.
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The set of derivations {∂μ, ∂4} is the minimal set that con-
tains the usual ∂μ’s, is maximal abelian and is action closed
on the coordinate operators, in the sense that the action of
∂μ on xν leads to the operator � that corresponds to ∂4

and conversely. Denoting by V the complex vector space
of derivations spanned by {∂μ, ∂4}, the algebra of differ-
ential forms Ω(U�) is now constructed from the complex
C(V,U�) of multilinear antisymmetric mappings from V

to U�. For an explicit construction of Ω(U�) one may use
a basis of 1-forms {θμ, θ4} defined by

θa(∂b) = δa
b , a, b ∈ (0,1,2,3,4) (51)

The elements θa of the 1-form basis do not coincide with
dxμ. Actually

dXμ = ηνμ�θν + �Pμθ4 (52)

Although the operators associated to the coordinates are just
the four Xμ, μ ∈ (0,1,2,3), (no extra dimension in the set
of physical coordinates) one sees that an additional degree
of freedom appears in the set of derivations which, by dual-
ity, leads to an additional degree of freedom in the exterior
algebra. Therefore quantum fields that are connections may
pick up additional components.

To define gauge fields in this setting consider a right U�-
module generated by 1.

E = {1a; a ∈ U�} (53)

A connection is a mapping ∇ : E → E ⊗ Ω1(U�) such that

∇(χa) = χda + ∇(χ)a (54)

χ ∈ E, a ∈ U�. For each derivation δi ∈ V the connection
defines a mapping ∇δi

: E → E. Because of Eq. (54), know-
ing how the connection acts on the algebra unit 1, one has
the complete action. Define

∇(1)
.= A = Aiθ

i, Ai ∈ U� (55)

A gauge transformation will be a unitary element
(U∗U = 1) acting on E. Such unitary elements exist in the
C∗-algebra formed from the elements of the enveloping al-
gebra by the standard techniques. Let φ ∈ E be a scalar field.
Then

∇(φ) = dφ + ∇(1)φ (56)

Acting on ∇(φ) with a unitary element

U∇(φ) = U d
(
U−1Uφ

) + U∇(1)U−1Uφ

= d(Uφ) + {
U

(
dU−1) + U∇(1)U−1}Uφ

= ∇′(Uφ) (57)

Therefore the gauge field transformation under a gauge
transformation is

∇(1) → U
(
dU−1) + U∇(1)U−1 (58)

The non-commutativity of U� prevents the vanishing of the
second term.

The connection is extended to a mapping E ⊗Ω(U�) →
E ⊗ Ω(U�) by

∇(φα) = ∇(φ)α + φ dα (59)

φ ∈ E and α ∈ Ω(U�). Computing ∇2(1)

∇2(1) = ∇(
1Aiθ

i
) = ∇(1Ai)θ

i + 1Ai dθi

= 1dAiθ
i + ∇(1)Aiθ

i + 1Ai dθi

= ∂j (Ai)θ
j ∧ θi + AjAiθ

j ∧ θi (60)

Therefore, given an electromagnetic potential A = Aiθ
i

(Ai ∈ U�) the corresponding electromagnetic field is
Fij θ

i ∧ θj where

Fij = ∂i(Aj ) − ∂j (Ai) + [Ai,Aj ] (61)

Fij ∈ U�. Unlike the situation in commutative space-time,
the commutator term does not vanish and pure electromag-
netism is no longer a free theory, because of the quadratic
terms in Fij . Also the indices in the connections (55) and
gauge fields (61) run over (0,1,2,3,4), which resulted from
the most natural choice for the differential algebra basis.

To construct an action for the electromagnetic field con-
sider a diagonal metric ηab = (1,−1,−1,−1,1) and con-
struct

G = Gknlθ
k ∧ θn ∧ θ l (62)

where Gknl = ε
ij

··knlFij ∈ U�. The action SA is obtained from
the trace of F ∧ G

SA = Tr
{
FabF

ab
} = Tr

{
FμνF

μν + 2F4μF 4μ
}

(63)

μ,ν ∈ (0,1,2,3).
To discuss matter fields one needs spinors, and an ap-

propriate set of γ matrices to contract the derivations ∂a .
A massless action term for spinor matter fields may be writ-
ten

Sψ = iψγ a∂aψ (64)

where a ∈ (0,1,2,3,4), γ a = (γ 0, γ 1, γ 2, γ 3, iγ 5) and ψ

is a field in a projective module Eψ ⊂ U⊗4
� . It follows from

the properties of the derivations that this term is Lorentz
invariant. Notice that although the set {Mμν,Xμ} has a
O(2,3) structure, it is only the O(1,3) part that is a sym-
metry group. Coupling the fermions to the gauge field

Sψ = ψiγ a(∂a + igAa)ψ (65)
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One sees that the fermions may be coupled to the connection
Aa without having to introduce new degrees of freedom in
the fermion sector.

Given the connection Aμ as a member of the envelop-
ing algebra U� it may be decomposed into a set of opera-
tor eigenvalues of the momenta {Pμ} with c-number coeffi-
cients Aμ(k). One has

[
Pμ, e− i

2 kν {Xν,�−1}+] = kμe− i
2 kν {Xν,�−1}+ (66)

Then

Aμ =
∫

d4k
{
Aμ(k)e− i

2 kν {Xν,�−1}+ + A†
μ(k)e

i
2 kν {Xν,�−1}+}

(67)

For the electromagnetic field Fμν in (61) one has to compute

[
e− i

2 kν {Xν,�−1}+ , e− i
2 qμ{Xμ,�−1}+]

(68)

which in leading �2-order is

i
�2

2
e− i

2 (kν+qν){Xν,�−1}+(kνqμ − qνkμ)�−2Σνμ (69)

Σνμ being a spin operator

Σνμ = Mνμ − {
Xν�−1,P μ

}
+ + {

Xμ�−1,P ν
}
+ (70)

Then

Fμν(k) = −i
(
kμAν(k) − kνAμ(k)

)

+ i�2
{∫

d4q Aμ(k − q)Aν(q)(k − q)σ qεΣ
σε

+
∫

d4q Aμ(k + q)A†
ν(q)(k + q)σ qεΣ

εσ

}
(71)

the last term in (71) being the momentum-space image of
the non-commuting [Ai,Aj ] in (61). One sees that non-
commutative pure QED is not a free theory, having non-
trivial 3- and 4-photon vertices of order �2 which are spin-
dependent.

6.2 An operator symbol formulation

An algebra of non-commuting operators may be represented
in a space of functions with a modified (star) product. The
general context of this formulation is described in Ap-
pendix B. Here a star product is found which reproduces
the non-commutative features of the space-time algebra. The

non-commuting algebra that is being represented is

[P̂μ, P̂ν] = 0

[X̂μ, X̂ν] = −iε�2Mμν

[P̂μ, X̂ν] = iημν�̂
[P̂μ, �̂] = 0

[X̂μ, �̂] = iε�2P̂μ

(72)

where the hat symbols are meant to emphasize the non-
commuting operator nature of {P̂μ, X̂μ, �̂}. These are going
to be represented by functions {pμ,xμ,�} with a star prod-
uct

G(p,x,�) ∗ H(p,x,�)

= G exp

{
i

2

(←−
∂μ
p ημν

−→
�∂ν

x −
←−
∂μ
x ημν�

−→
∂ν
p

)

− iε�2

2

(←−
∂μ
x Mμν

−→
∂ν
x +

←−
∂μ
x Pμ

−→
∂� − ←−

∂� Pμ

−→
∂μ
x

)}
H

(73)

From this one obtains for the electromagnetic field

Fμν(x) = ∂μAν(x) − ∂νAμ(x)

+ Aμ(x)e− iε�2
2

←−
∂σ
x Mσρ

−→
∂

ρ
x Aν(x)

− Aν(x)e− iε�2
2

←−
∂σ
x Mσρ

−→
∂

ρ
x Aμ(x) (74)

in �2-order

Fμν(x) = ∂μAν(x)−∂νAμ(x)−iε�2∂σ Aμ(x)∂ρAν(x)Mσρ

(75)

and in momentum space

Fμν(k) = −i
(
kμAν(k) − kνAμ(k)

)

+ iε�2
{∫

d4q Aμ(k − q)Aν(q)(k − q)σ qρ

+
∫

d4q Aμ(k + q)A†
ν(q)(k + q)σ qρ

}
Mσρ

(76)

In the context of the non-commuting phase-space struc-
ture defined in (72) the orbital angular momentum would be
represented by X̂μP̂ν − X̂νP̂μ. Therefore it makes sense to
interpret Mμν as the spin operator and one obtains the same
Fμν(k) structure as before.

For the photon-spinor interactions, by minimal coupling
one has

ψ(x)(Dμ − m)γ μψ(x) (77)
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with

Dμψ(x) = ∂μψ(x) − iAμ(x) ∗ ψ(x)

In conclusion: one has 3-photon vertices of order �2 and
4-photon vertices of order �4. The 3-photon coupling (in
�2order) is

ε�2(2π)4δ4(p1 + p2 + p3)
{
gμ1μ2p

μ3
1 pσ

3 p
ρ
2 Mσρ

− gμ1μ2p
μ3
2 pσ

1 p
ρ
3 Mσρ + c.p.

}
(78)

c.p. meaning cyclic permutations of {1,2,3} (refer to Fig. 7
for notation), the photon-spinor coupling is

e(2π)4δ4(p − p′ − k
)(

γ μ
)
αβ

{
1 + ε�2

2
p′σ Mσρpρ

}
(79)

and the bare propagators are unchanged. All non-commuting
contributions have momentum and spin dependence.

The 3- and 4-photon vertices lead to new one-loop con-
tributions, see Fig. 8 for the 2- and 3-point functions.

In particular, the new coupling (79)

−eε�2

2

−
ψ

(
p′)kσ γ μ i

2
[γσ , γρ]pρψ(p)

implies the existence of extra spin-dependent contributions
in spinor scattering which are enhanced at large p and k.

In most star-product formulations of non-commutative
space-time the right-hand side of the commutators is a con-
stant matrix of ordinary c-numbers (see Eq. (4)), implying
violation of Lorentz invariance. An exception is the paper
of Carlson and Carone [51] where θμν is promoted to an
operator with the right tensor properties under the Lorentz
group. The algebra is, however, quite different from the one
in this paper, because, in particular, that operator commutes
with the coordinates. The Carson–Carone algebra is in fact
a rescaling and contraction of the ε = −1 case. In this pro-
cess the fundamental length � becomes zero and the non-
commutative structure is only kept by a rescaling of θμν .
As a result, the implications for non-commutative QED are

Fig. 7 One and three-photon vertices

different from those in this paper. In addition to the van-
ishing of the fundamental length, a basic difference in the
Carson–Carone approach is that θμν , not being a physically
identifiable operator, it is integrated over to obtain the new
vertex contributions. This is what leads to the vanishing of
the 3-photon vertices. In our case the corresponding operator
is Mμν which acts on the spin of the particles.

7 Remarks and conclusions

(1) The most relevant point of the stability approach to
non-commutative space-time is the emergence of two de-
formation parameters, which might define different length
scales. This led to the conjecture that one of them might be
much larger than the Planck length and therefore already de-
tectable by contemporary experimental means.

(2) The effects explored in this paper are rather con-
servative in the sense that they explore well-known phys-
ical observables. Other similar consequences of the non-
commutative structure, already mentioned before [40], fol-
low from the non-vanishing right-hand side of the double
commutators
[[pμ,xν], xα

] = ε�2ημνpα

[[xμ, xν], xα

] = ε�2(ηναxμ − ημαxν)

(3) A more speculative aspect of the non-commutative
structure concerns the physical relevance of the extra deriva-
tion ∂4 described in Sect. 6.1. This includes new fields as-
sociated to gauge interactions which may lead to effective
mass terms for otherwise massless particles (see [27] for
more details)

Appendix A: Representations of the deformed algebra
and its subalgebras

For explicit calculations of the consequences of the non-
commutative space-time algebra (2) (with ε′ = 0) it is use-
ful to have at our disposal functional representations of this
structure. Such representations on the space of functions de-
fined on the cone C4 (ε = −1) or C3,1 (ε = +1) have been
described in [27]. Here one collects a few other useful rep-
resentations of the full algebra and some subalgebras.

Fig. 8 One-loop diagrams
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1. As differential operators in a 5-dimensional commuta-
tive manifold M5 = {ξμ} with metric ηaa = (1,−1,−1,

−1, ε)

pμ = i
∂

∂ξμ

� = 1 + i�
∂

∂ξ4

Mμν = i

(
ξμ

∂

∂ξν
− ξν

∂

∂ξμ

)

xμ = ξμ + i�

(
ξμ

∂

∂ξ4
− εξ4 ∂

∂ξμ

)

(80)

2. Another global representation is obtained using the com-
muting set (pμ,�), namely

xμ = i

(
ε�2pμ

∂

∂� − � ∂

∂pμ

)

Mμν = i

(
pμ

∂

∂pν
− pν

∂

∂pμ

) (81)

3. Representations of subalgebras

Because of non-commutativity only one of the coordi-
nates can be diagonalized. Here, consider the restriction
to one space dimension, namely the algebra of {p0,�,p1,

x0, x1}.
For ε = +1 define hyperbolic coordinates in the plane

(p1,�) and polar coordinates in the plane (p0,�). Then, it
follows from (81) that

p1 = r

�
sinhμ

p0 = γ

�
sin θ

� = r coshμ = γ cos θ

x1 = i�
∂

∂μ

x0 = −i�
∂

∂θ

(82)

For ε = −1 with polar coordinates in the plane (p1,�) and
hyperbolic coordinates in the plane (p0,�),

p1 = r

�
sin θ

p0 = γ

�
sinhμ

� = γ coshμ = r cos θ

x1 = i�
∂

∂θ

x0 = −i�
∂

∂μ

(83)

Appendix B: Operator symbol formulation

Let Â be an operator in a Hilbert space H and Û (�x), D̂(�x)

two families of operators called dequantizers and quantiz-
ers, respectively, such that

Tr
{
Û (�x)D̂

(�x′)} = δ
(�x − �x′) (84)

The labels �x (with components x1, x2, . . . , xn) are coordi-
nates in a linear space V where the functions (operator sym-
bols) are defined. Some of the coordinates may take discrete
values. For them the delta function in (84) should be un-
derstood as a Kronecker delta. Provided the property (84) is
satisfied, one defines the symbol of the operator Â by the
formula

fA(�x) = Tr
{
Û (�x)Â

}
, (85)

assuming the trace to exist. In view of (84), one has the re-
construction formula

Â =
∫

fA(x)D̂(�x)d �x (86)

The role of quantizers and dequantizers may be exchanged.
Then

f d
A(�x) = Tr

{
D̂(�x) Â

}
(87)

is called the dual symbol of fA(�x) and the reconstruction
formula is

Â =
∫

f d
A(x)Û(�x)d �x (88)

Symbols of operators can be multiplied using the star-
product kernel as follows:

fA(�x) � fB(�x) =
∫

fA(�y)fB(�z)K(�y, �z, �x)d �y d�z (89)

the kernel being

K(�y, �z, �x) = Tr
{
D̂(�y)D̂(�z)Û(�x)

}
(90)

The star product is associative,

(
fA(�x) � fB(�x)

)
� fC(�x) = fA(�x) �

(
fB(�x) � fC(�x)

)
(91)

this property corresponding to the associativity of the prod-
uct of operators in Hilbert space.

With the dual symbols the trace of an operator may be
written in integral form

Tr{ÂB̂} =
∫

f d
A(�x)fB(�x)d �x =

∫
f d

B (�x)fA(�x)d �x (92)

For two different symbols fA(�x) and fA(�y) corre-
sponding, respectively, to the pairs (Û (�x), D̂(�x)) and
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(Û1(�y), D̂1(�y)), one has the relation

fA(�x) =
∫

fA(�y)K(�x, �y)d �y (93)

with intertwining kernel

K(�x, �y) = Tr
{
D̂1(�y)Û(�x)

}
(94)

This general formulation of operators, as operator sym-
bols in a space of functions with a star product, is useful in
many other contexts, for example in signal processing [52].
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